CANTOR SETS AND CYCLICITY IN WEIGHTED 
DIRICHLET SPACES 



O. EL-FALLAH\ K. KELLAY^ AND T. RANSFORD^ 

Abstract. We treat the problem of characterizing the cyclic vectors in 
the weighted Dirichlet spaces, extending some of our earlier results in 
the classical Dirichlet space. The absence of a Carleson-type formula for 
weighted Dirichlet integrals necessitates the introduction of new tech- 
niques. 



1. Introduction 

In this paper we study the weighted Dirichlet spaces (0 < a < 1), 
defined by 

Va := 1/ e hol(D) : := - f \f'{z)Wl - \z\Y dA{z) < ooj. 

Jo ^ 

Here B denotes the open unit disk, and dA is area measure on D. Clearly 
Pq, is a Hilbert space with respect to the norm || • |[q, given by 

11/11^ :=|/(0)P + P,(/). 

A classical calculation shows that, if f{z) = Yln>o^nZ^, then 

n>0 

Note that Pi = is the usual Hardy space, and Dq is the classical Dirichlet 
space (thus our labelling convention follows [1] rather than [2]). 

An invariant subspace of Va is a closed subspace M of Va such that 
zM C M. Given f eV a, we denote by the smallest invariant subspace 
of Va containing /, namely the closure in Va of {pf : p a polynomial}. We 
say that / is cyclic for Va if [f]va = ^a- The survey article [8] gives a 
brief history of invariant subspaces and cyclic functions in the classical case 
a = 0. 
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Our goal is to characterize the cychc functions of "Da- In order to state 
our results, we introduce the notion of a-capacity. For a € [0, 1), we define 
the kernel function ■ — > M U {oo} by 



0<a<l, 
^log(l/t), a = 0. 

The a- energy of a (Borel) probability measure on T is defined by 

Ufi) := [[ fc,(|C-C'l)dMC)dMC')- 



A standard calculation gives 

"^^^ (l + n)!-"- 

n>0 ^ ^ 

The a-capacity of a Borel subset £' of T is defined by 

Ca{E) ■.= l/mi{lM -.ViE)}, 

where V{E) denotes the set of all probability measures supported on com- 
pact subsets of E. In particular, Ca{E) > if and only if there exists 
a probability measure /i supported on a compact subset of E and having 
finite a-energy. If a = 0, then Cq is the classical logarithmic capacity. 

We recall a result due to Beurling and Salem-Zygmund [5l §V, Theorem 3] 
about radial limits of functions in the weighted Dirichlet spaces. If / G T)a, 
then /*(C) := lim f{rC,) exists for all C € T outside a set of a-capacity zero. 

The following theorem gives two necessary conditions for cyclicity in T>a. 

Theorem 1.1. Let a G [0, 1). /// is cyclic in Da, then 

• f is an outer function, 

• {C G T : /*((^) = 0} is a set of a-capacity zero. 

The first part is O Corollary 1]. For a = 0, the second part is O 
Theorem 5], and for general a the proof is similar, the only difference being 
that the logarithmic kernel kQ is replaced by ka- We omit the details. 

Our main result is a partial converse to this theorem. To state it, we need 
to define the notion of a generalized Cantor set. 

Let {an)n>o be a positive sequence such that oq < 27r and 

sup < -. 

n>0 (J-n ^ 

The generalized Cantor set E associated to (a„) is constructed as follows. 
Start with a closed arc of length ao on the unit circle T. Remove an open 
arc from the middle, to leave two closed arcs each of length ai. Then remove 
two open arcs from their middles to leave four closed arcs each of length a2- 
After n steps, we obtain the union of 2" closed arcs each of length a^. 
Finally, the generalized Cantor set is E := CinEn- 

Theorem 1.2. Let a G [0, 1) and let f € T^a- Suppose that: 
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• f is an outer function, 

• I/I extends continuously to B, 

• {C S T : |/(C)I = 0} is contained in a generalized Cantor set E of 
a-capacity zero. 

Then f is cyclic for Va ■ 

Functions / satisfying the hypotheses exist in abundance. Indeed, any 
generahzed Cantor set is a so-called Carleson set, and is thus the zero set of 
some outer function / such that / and all its derivatives extend continuously 
to D. Moreover, it is very easy to determine which generalized Cantor sets 
have a-capacity zero. More details will be given in ^ 

To prove Theorem II. 2^ we adopt the following strategy. In ^ using 
a technique due to Korenblum, we show that [f]va contains at least those 
functions g S satisfying \g{z)\ < dist(z, i?)^. The idea is then to take one 
simple such g, and gradually transform it into the constant function 1 while 
staying inside [/loai thereby proving that 1 € [f]va- This requires three 
tools: a general estimate for weighted Dirichlet integrals of outer functions, 
some properties of generalized Cantor sets, and a regularization theorem. 
These tools are developed in § §3|4|5I respectively, and all the pieces are 
finally assembled in ^ to complete the proof of Theorem 11.21 

Theorem 11.21 was established for the classical Dirichlet space, a = 0, in 
[3 Corollary 1.2]. The proof there followed the same general strategy, but 
in several places key use was made of a formula of Carleson [4j expressing 
the Dirichlet integral of an outer function / in terms of the values of |/*| 
on the unit circle. No analogue of Carleson's formula is known in the case 
< a < 1, and one of the main points of this note is to show how this 
difficulty may be overcome. 

Throughout the paper, we use the notation C{xi, . . . , Xn) to denote a 
constant that depends only on xi, . . . where the xj may be numbers, 
functions or sets. The constant may change from one line to the next. 

2. Korenblum's method 
Our aim in this section is to prove the following theorem. 

Theorem 2.1. Let f € T>a be an outer function such that \ f\ extends con- 
tinuously to D, and let F := {C S T : |/(C)| = 0}. If g & T>a and 

\g{z)\ <dist{z,F)'^ (z € B), 

then g £ 

This theorem is a Pa-analogue of [71 Theorem 3.1], which was proved 
using a technique of Korenblum. We shall use the same basic technique 
here. However, the proof in [7] proceeded via a so-called fusion lemma, 
which, being based on Carleson's formula for the Dirichlet integral, is no 
longer available to us here. Its place is taken by Corollary 12.31 below. 
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We need to introduce some notation. Given an outer function / and a 
Borel subset T of T, we define 

friz) := exp(^ ^ ^ log |r(C)I \dC\) {z G B). 

We write dT and for the boundary and complement of F in T respectively. 
Lemma 2.2. Let f be a bounded outer function. For every Borel set F C T, 

<c(/)(|/'(z)! + dist(z,ar)-4) (zGB). 

Proof. Without loss of generality, we may suppose that ||/||oo < 1- Note 
that then ||/r||oo < 1 for all F. Also, obviously, log |/*| < a.e. on T, which 
will help simplify some of the calculations below. 
We begin by observing that 

Tt\ = ^I 77^1ogl/*(C)IKI (^eB), 
friz) 27r Jr (C - zY 

from which it follows easily that 

2 1og(l/|/(0 )| 
dist(z,F)2 

Our aim now is to prove a similar inequality, but with dV in place of F. 
Set G := {z G D : dist(z,F) > dist(z, F'^)^}. Clearly dist(z,F) > disi{z,dTf 
for all z G G, so ([T]) implies 

Now suppose that z G P \ G. Then dist(z,F^)2 > dist(z,F) > (1 - \z\^)/2, 
and hence 

|/re(z)| = exp(i- log ir (01 |dC|) > |/(0)P. 

Since obviously /r = f / fv, it follows that, for all z G B \ G, 

\fi-)\ , 1/(^)1 ^,.1 < I 1 21og(l/|/(0)|) 

l^^^'^l - |/re(z)| + |/Fc(z)|2l^r4^jl - + |^(o)|4 dist(z,F^)2 ' 

where once again we have used ([T]), this time with F replaced by F*^. Noting 
that dist(z, F=) > dist(z, dV) for all z G B \ G, we deduce that 

'^^^'^'-1^+1/(0)1^ dist(z,aF)2 (.eB\G). (3) 

The inequalities ([2]) and ([3]) between them give the result. □ 

Corollary 2.3. Let a G [0, 1) and / G T>ar\I{°° be an outer function. Then, 
for every Borel set F C T and every g G T^a satisfying \g{z)\ < dist(z, (9F)^, 
we have 

\\fT9U<C{aJ){l + \\g\U). 
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Proof. Using Lemma 12.21 we have 

|(/r5)'l < IfM + l/rll5'l < + 1 + \g'\). 

The conclusion follows easily from this. □ 

Proof of Theorem \2.1\ Let / be a connected component of T \ say I = 
(e*",e*''). Let p > I, and define 

M^) ■■=i^p{e-"'z)^p{e-'^z). 

The first step is to show that (j)pfj\j G [f]va- 
Let e > and set /, := (e^("+^), e^^*"^)) and 

By Corollary 

||<^p,e/T\/JU < C{f)UpJa < C{f,p). (4) 

Note that \ fT\iJ = \ f\ in a neighborhood of T\/. Since |/| does not vanish 
inside /, it follows that \(pp,tfj\ij/\f\ is bounded on T. Also / is an outer 
function. Therefore, by a theorem of Aleman [Jj, Lemma 3.1], 

4>p,efj\I, G [fhc,- 

Using (jl]), we see that (j)p^efj\h converges weakly in Va to 4>pfj\j as e — )• 0. 
Hence 4>pfT\i S [/I^q, as claimed. 

Next, we multiply by g. As g G 'Daf^H°°, Aleman's theorem immediately 
yields (ppfj\ig G [/Idq- Using the fact that \g{z)\ < dist(2;,F)^, it is easy 
to check that H^pffHa remains bounded as p — >• 1. By Corollary 12.31 again. 
||i?^p/t\/5'||q is uniformly bounded, and (ppfT\ig converges weakly to fj\jg. 
Hence /T\/ff e [/]r>^. 

Now let {Ij)j>i be the complete set of components of T \ and set 
Jn '■= U"Ij. An argument similar to that above gives fT\j„g € [f]Vc, ^or 
all n. Moreover, ||/t\j„5|U is uniformly bounded. Thus fj\j^g converges 
weakly to g, and so finally g G [/Jcq- D 

3. Estimates for weighted Dirichlet integrals 

The following result will act as a partial substitute for Carleson's formula. 

Theorem 3.1. Let a E [0,1), and let h : T M be a positive measurable 
function such that, for every arc I CT, 

^Jm\dc\>\ir. (5) 

If f is an outer function, then 

VM) < i // (i/-'0i-Hr(c-)i;)(io.ir(c)i-.o.ir(Oi) (,(,)^,(,,,)|,,||,,, 
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Proof. Given z G B, let be the arc of T with midpoint z/\z\ and arclength 
|/,| = 2(1 - \zf). For C G Iz, we have |C - ^| < 2(1 - |zp), and so 



iC-zP - 4(l-|z|2) 2|7,|- 
Hence, using ([5]), we have 

/ P(^,C)MC) \dC\ > ^ / MC) l^CI > \\hr > ^(1 - kP)"- 

i/ T I 2 1 i/ 

Therefore, by Fubini's theorem, 

vM) ■■=- [ \nz)\\i-\z\^rdAiz)<2 [ v^imom, 



where 



1 



vr 



T>df)--=- \nz)?P{z,OdA{z) (CeT). 



Now 'D(^{f) is the so-called local Dirichlet of integral of / at which was 
studied in detail by Richter and Sundberg in [9j. In particular, they showed 
that, if / is an outer function, then 

Substituting this into the preceding estimate for T)a{f), and noting the 
obvious fact that h{C,) < h{C) + h{C'), we deduce that Vaif) is majorized by 

Exchanging the roles of C and we see that T>a{f) is likewise majorized by 

1 ir(Oi=Hr(oi^-2!r(c)Piogoozm(,(c'HMC))Kii<i. 



itJJj \('-cr- 

Taking the average of these last two estimates, we obtain the inequality in 
the statement of the theorem. □ 

We are going to apply this result with h{C) ■= Cd{C,E)'^, where C is a 
constant, d denotes arclength distance on T, and is a closed subset of T. 
Condition ([5]) thus becomes 

^ / d{C,E)'^ \dC\ > C'Vr for all arcs / C T. (6) 
K I Jl 

A set E which satisfies this condition for some a, C is called a K-set (af- 
ter Kotochigov). K-sets arise as the interpolation sets for certain function 
spaces, and have several other interesting properties. We refer to [S*, §1] and 
[51 §3] for more details. In particular, if E satisfies ([6]), then it has measure 
zero and logd(C,^) G ^^(T). 
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Theorem 3.2. Let a G (0,1), let E be a closed subset ofT satisfying ([6]), 
and let w : [0, 27r] — )• be an increasing function such that t i— ?> u}{t'^) is 
concave for some 7 > 2/(1 — a). Let f^ be the outer function satisfying 

\f*{C)\=w{d{C,E)) a.eonT. 

Then 

VMn.)<C{an,E) I w'idiC,E)fd{C,E)^+"\dC\. (7) 
In particular f^ G Da if the last integral is finite. 

Proof. The proof is largely similar to that of [7, Theorem 4.1], so we give 
just a sketch, concentrating on those parts where the two proofs differ. 

We begin by remarking that the concavity condition on w easily implies 
that |logw;(d(C,^))| < C{w)\ log d{C, E)\, sologw{d{C,E)) e L^{T) and the 
definition of fw makes sense. 

By Theorem 13. H we have 



where we have written 6 := d{C,E) and 5' := d{C',E). 
Let (Ij) be the connected components of T \ £', and set 

NE{t):=2Y,h\lj\>2t} (0<t<7r). 
j 

Then, for every measurable function $7 : [0, vr] — > M+, we have 

/ n{d{c,E))\dC\= r n{t)NE{t)dt. 

JT Jo 

In particular, as in [7], it follows that 

<c(a) r r + " - "'""""f + " - '°^""» (. + trN,(t) it. 

Jo Jo « 

The concavity assumption on w implies that t — )• t^~^^"'w' {t) is decreasing, 
and thus, as in [7J, 

w'^it + s)- w^{t) < 2-fw{t + s)w'{t)t{{l + s/tf'^ - 1) , 

logw;(t + s) -logu;(t) < tw'it)^ — ' ' log(l + s/t). 

w{t + s) 
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Combining these estimates, we obtain 

r r '-^^ + - -'(m-f-i' + ') - (. + ,t 

Jo Jo s 

< / / 2-fw'{t)h^+''{{l + s/t)^/^ -l){l + s/t)^/^+^log{l + s/t)^NE{t)dt 
Jo Jo ^ 

= / 2jw'it)h^+''{ 27((l+x)i/^-l)(l + x)i/^+"log(l + x)^)iV£;(t)dt 
Jo Jo ^ 

<C{a,-f) w'{t)h^^''NE{t)dt. 
Jo 

In the last inequahty we used the fact that 7>2/(l — a). □ 

4. Generalized Cantor sets 

The notion of the generahzed Cantor set E associated to a sequence (a„) 
was defined in fJH In this section we briefly describe some pertinent prop- 
erties of these sets. We shall write 

A^; := sup . 

n>0 In 

Recall that, by hypothesis, A^; < 1/2. 

Our first result shows that generalized Cantor sets satisfy ([5]), and hence 
that Theorem 13.21 is applicable to such sets. 

Proposition 4.1. Let E he a generalized Cantor set and let a G [0,1). 

Then, for each arc I <ZT, 



d{c.Er\dc\>c{a,\E)\ir. 



Proof. Let / be an arc with |/| < 2ao, and choose n so that 2an < \I\ < 
2a„_i. Recall that the n-th approximation to E consists of 2" arcs, each of 
length a„, and that the distance between these arcs is at least a„_i — 2a„. 
If I meets at least two of these arcs, then I \ E contains an arc J of length 
a„_i — 2a„, and if / meets at most one of these arcs, then I\E contains an 
arc J of length (|/| — a„)/2. Thus I \ E always contains an arc J such that 
I J|/|/| > min{l/2 - A^;, 1/4}. Consequently 



^ [ dic,Er\dc\>^ f d{c,Er\dc\>^^-^>c{a,XE)\ir. 



□ 

In the next two results, we write E'j := {(^ € T : E) < t}. 

Proposition 4.2. If E is a generalized Cantor set, then \Et\ = 0{t^) as 
t — ^ 0, where fi := 1 - log 2/log(l/As). 
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Proof. Given t E (0, oq], choose n so that an < t < On-i- Then clearly \Et\ < 
2"(a„+2t) < 3.2"t. Also2"-i = (i/A^-i)i°s2/iog(i/AB) < (^^/^)iog2/iog(i/AB)_ 
Hence \Et\ < C(ao, As)ii-i°s2/iog(i/AB)^ □ 

In particular, every generalized Cantor set is a Carleson set, that is, 
Jq {\Et\/t) dt < oo. Taylor and Williams [10] showed that Carleson sets are 
zero sets of outer functions in A°°(B). This justifies a remark made in fJTJ 

The final property that we need concerns the a-capacity, Ca, which was 
defined in 21 

Theorem 4.3. Let E be a generalized Cantor set and let a € [0, 1). Then 

1"^ dt 

C.{E) = ^ / -^ = oo. 



Proof. This follows easily from [5, §IV, Theorems 2 and 3]. □ 



5. Regularization 

We shall need the following regularization result. The proof is the same, 
with minor modifications, as that of [71 Theorem 5.1]. 

Theorem 5.1. Let a € [0, 1), let a € (0, 1) and let a > 0. Let (p : (0, a] — 5- 

be a function such that 

• 4>(t)/t is decreasing, 

• < (pit) < t" for all t e (0,a], 

r dt 

Then, given p E (0,(t), there exists a function ip : (0, a] — )• such that 

• ip{t)/tf is increasing, 

• (pit) < ip{t) < t" for all t e (0, a], 

r dt 

• / TTT = CO. 



6. Completion of the proof of Theorem 11.21 

For a = 0, this theorem was proved in [TJ §6]. The proof for a G (0, 1) will 
follow the same general lines, and once again we shall concentrate mainly 
on the places where the proofs differ. 

Let / be the function in the theorem. Our goal is to show that 1 G [/Jo^. 

Let E be as in the theorem, and let g be the outer function such that 

\g''{C)\=d{C,E)^ a.e. onT. 
Then \g{z)\ < (7r/2)4 dist(z, E;)^ (z G D): indeed, for every ^ E, we have 

log \g{z)\ < i- ^ id^41og((vr/2)|C - Co|) I^Cl = 41og((7r/2)|z - Co|). 
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By assumption, the zero set F := {( (^T : |/(C)| = 0} in contained in E, so 
\g{z)\ < (7r/2)^ dist(z, -F)^ {z € B). Theorem 12.11 therefore apphes, and we 
can infer that g € [f]va- It thus suffices to prove that 1 G [g]va- 

We shall construct a family of functions ws '■ [0, tt] for < 5 < 1 

such that the associated outer functions f^g belong to [g]va satisfy: 

(i) 1/41 ^ 1 a.e. on T as 5 ^ 0, 

(ii) 1/^^(0)1 ^ 1 as (5^0, 

(iii) liminf5_^o WfwsWa < 00. 

If such a family exists, then a subsequence of the f^s converges weakly to 
1 in Va, and since they all belong to [g]va^ it follows that 1 G [g]vai as 
desired. 

By Proposition 14.21 there exists /.i > such that \Et\ = 0{t^) as t — )■ 0. 
Fix p, a satisfying 

I — a . ( 1 — a + /i~| 

' " ' ~ a. 



< p < a < min|l 



2 ' I ' 2 J 

Define (j) : (0, vr] M+ by 

4>{t) := max|min{|Et|, t"}, t^""} {t G (0,^]). 

Clearly <l){t)/t is increasing and < (j){t) < for all t. We claim also that 

dt 



t^(t>{t) 



00. (8) 



To see this, note that 



ds t r ds ti-" 



whence 



dt r dt 



> 



i°(/>(t) ~ 7, ma.x{t,t°'\Et\} 

ds 



t^\Et\{j^ ds/s^\E, 
dt 

'EA' 



Since E is & generalized Cantor set of a-capacity zero, Theorem 14.31 shows 
that 

dt 



t"\Et 



00. 



Consequently (jl]) holds, as claimed. 

We have now shown that (p satisfies all the hypotheses of the regularization 
theorem. Theorem 15.11 Therefore there exists a function ip : (0, tt] — >■ 
satisfying the conclusions of that theorem, namely: ip{t)/tP is increasing, 
t^"" < (pit) < ipit) < t" for aU t, and £ dt/f^tpit) = 00. 



CANTOR SETS AND CYCLICITY IN WEIGHTED DIRICHLET SPACES 



11 



For < 5 < 1, we define ws : [0, tt] M+ by 
ws{t) :-- 



ds 



- log / -^77^ S <t<r]s 

1 VS <t <TT, 

where As and ijs are constants chosen to make ws continuous. 

Let us show that /^^ E [9]va- Note first tliat ws{t) /t^^°^^P is a bounded 
function. Therefore fw^/ 9^^~°^~^^^^ is bounded. Using Theorem l3.2l we have 
^(i-Q!-p)/4 g Consequently, by a theorem of Aleman [1] Lemma 3.1], 
fwi S [5^^ "^^^^^loa- Using another result of Aleman [H Theorem 2.1], we 
have g^^-°'-P)l'^ G [g\v^- Hence /^„^ G Mi'a) as claimed. 

It remains to check that the functions /^^ satisfy properties (i)-(iii) above. 
The verifications run along the same lines as those in [3 §6], using the 
properties of il) above, and Theorem 13.21 in place of [71 Theorem 4.1]. 
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